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Abstract  

This article presents an algorithm that eliminates some of the adverse influences of the void elements used in 
nonlinear structural topology optimization with a buckling constraint by using moving iso-surface threshold 
(MIST) method. The basic idea of this algorithm is to conduct the finite element analysis in a sub design domain 
with solid and grey elements and to construct each updated response function in the full design domain. In this 
algorithm, void elements are excluded in all the finite element analyses but included in design variable update. In 
doing so in MIST, the material removed with void elements can reappear. In the present study, the strain energy 
density at the final state in a nonlinear finite element analysis is selected as the response function in MIST to 
minimize the nonlinear compliance, and the iso-surface threshold value is determined by using a prescribed 
volume constraint and then used to define optimal topology containing solid materials only. Exclusion of void 
elements in all the finite element analyses allows avoidance of several numerical issues, such as material 
reappearance, discontinuous design and numerical instability encountered in topology optimization for structures, 
in particular, with large displacements. In the present algorithm, a buckling constraint is also introduced to 
consider the influence of load level on nonlinear topology optimization. 
Keywords: optimization, nonlinearity, void element, numerical stability, buckling constraint 
 
1. Introduction 

It is known that the inclusion of large displacements in topology optimizations, for example, to minimize the 
structural compliance, can significantly affect the final designs and serious numerical issues were encountered in 
nonlinear topology optimizations owing to the use of void elements [1-6]. These issues include: 1) the 
geometrically nonlinear finite element analysis (FEA) is hardly convergent to the full level of an applied loading 
state due to excessively large displacements caused by rather low stiffness of the void elements; 2) the 
convergence is poor as the excessively large displacements cause mesh distortions which in turn deteriorate the 
displacement fields; and 3) numerical instabilities can occur in a localized region with a cluster of void elements so 
that the obtained topology may not be well defined and practical. Therefore, an adequate treatment of the void 
elements is essential in order to effectively conduct topology optimization for geometrically nonlinear structures. 

A number of methods have been proposed to attempt to circumvent the influences of void elements in 
topology optimization problem to minimize nonlinear compliance. One direct approach to completely solve the 
issues is to remove all void elements. However, this creates other issues, e.g. material reappearance, disconnected 
or disjointed structure and design domain re-meshing. This study aims to develop an effective algorithm that 
resolves these issues by excluding all void elements in FEA and including all of them in design updates. 

As the optimum topology obtained via minimizing the nonlinear compliance can be highly dependent on the 
level of the applied loads, in this paper, we propose a novel algorithm by introducing a buckling constraint in 
which the applied load varied with iteration is constrained by the critical buckling factor.  This is because buckling 
is one of the most serious structural failure mechanisms, particularly for the optimized structures as they are often 
thin-walled, therefore the introduction of the buckling constraint in general form is also important in topology 
optimization. 

For topology optimization problems involving buckling, there also exist severe numerical difficulties due to 
the adverse effects of low density and void elements [7-13]. In the present novel algorithm, these adverse 
influences can also be eliminated effectively via the exclusion and inclusion of all void elements in FEA and 
design updates. 
 
2. Problem statement 

Let us consider the minimum mean compliance problem for nonlinear structures. To use MIST [14], the 
nonlinear compliance needs to be expressed in an integral form.  When the external loads are expressed as a 



 
 

2 

function of time nt  and the total Lagrangian formulation is used to describe the equilibrium equations in 
( nn tt Δ+ ), the nonlinear compliance can be expressed as: 
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where }{ iF  denotes the stress resultant vector in the state of time it ; u  is the displacement vector; Lt  denotes a 
final equilibrium state with full loads; 1Ω denotes design domain 1 that contains solid and grey elements only; ijS  
and ijε  are the Piola-Kirchhoff stress and the Green-Lagrange strain. For linearly elastic material, 
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We now define the MIST formulation for the problem of minimizing nonlinear compliance with a buckling 
constraint as follows: 
Minimize: C                                                                                                                                                       (2a) 
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where ex  denotes the design variables, e.g. representing solid ( 1=ex ), grey ( 1<< exε ) and void ( ε≤≤ ex0 ) 

elements; ε  is the small parameter (e.g., 310−=ε ); Ve and V represent volumes of element e and the design 
domain (Ω ); Vf is the prescribed volume fraction; sN  is the number of solid and grey elements in domain 1 
( 1Ω ); 2Ω  is domain 2 with void elements only; eN  is the total element number; Φ  denotes the response function; 

ij
t SL  and ij

tLε  are the Piola-Kirchhoff stress and the Green-Lagrange strain in a final state with the full load; }{R  

is the residual force; 1λ  is the buckling factor of mode 1.   

 The residual force }{R  in the equilibrium equations and the buckling factor 1λ  are defined as: 
}{}{}{ rFFR −=                                                                                                                                                (3) 

nnnn PPP Δλλ 111 += −                                                                                                                                          (4) 

where }{F  is the external force vector; }{ rF  denotes the stress resultant vector in the final state; kF  and ku  are 
the external force component and the corresponding displacement; FN  and LN  are numbers of force components 
and load increments; nP  represents the final state of load increments; 1−nP  is the last 2nd load step; and 1nλ  is the 
buckling factor of mode 1 due to load increment nPΔ . 
 It is worth noting that equation (2b) shows that all FEA are conducted in 1Ω  and equation (2c) reveals that 
the response function Φ  is constructed in Ω  which enables design updates in full design domain. 
 
3. An efficient MIST algorithm 

The MIST involves finding and updating an iso-surface threshold value for the chosen response function 
subjected to a prescribed constraint.  The objective function in MIST can be expressed as [14]: 

∫Ω ΩΦΦ= dxtHxJ ))(,()(                                                                                                                                    (5) 
where )(xΦ  is the response function; ))(,( xtH Φ  is the Heaviside function: 1))(,( =xtH Φ  for every x in the set 
of tx ≥Φ )( , and 0))(,( =Φ xtH  for x in the set of tx <Φ )( ; Ω  represents the full design domain. When the 
threshold level t is determined, the design variable x is defined by: 
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where x = 1 and x = 0 represent solid and void at location x. 
In the finite element based optimization, the response function is constructed using the nodal physical 

quantities and the material density ex  (e = 1, 2 … Ne) defined by the fraction of the solid material in element e are 

used as the design variables. At iteration k,  1)( )1( =kex  if kk t≥Φ at all nodes of element e; 0)( )1( =kex  if kk t<Φ  at 

all nodes and eepjke AAx /)( )1( =  when kk t≥Φ  at some nodes, where epjA  is the project area of the )( ktΦ  (≥ kt ) 
within the element. The design variables are updated by: 
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where mvk  is the move limit and 10 ≤≤ mvk . 
A distinctive feature of the present MIST algorithm is the use of two meshes that facilitate element removal 

and reappearance easily. One mesh is fixed for the full design domain Ω  used for constructing the Φ function and 
determining design variable updates, and the other is dynamic denoted 1Ω  with solid and grey elements only for 
conducting all FEA. As all void elements are excluded in the FEA, thus the associated adverse effects are 
completely eradicated. The re-meshing issue can be solved by renumbering the elements in 1Ω  and the material 
reappearance is automatically realized by using equations (2c), (7) and (8). Another feature of the MIST algorithm 
is that it can be easily interfaced with any commercially available FEA software.  In this study, the MIST algorithm 
is interfaced with NASTRAN. 
 
4. A MIST algorithm for including a buckling constraint 

It is known that the topology optimization of geometrically nonlinear structures can rely on the magnitude of 
an applied load. This raises an issue which one is the optimal topology in a topology design optimization. We 
propose that the topology obtained by the maximum load without causing buckling be the optimum one. This can 
be defined by applying the buckling constraint as given in Eq. (2b). 

By using the MIST, the optimization can be conducted by applying load: 

1
1

1 −
−= k

k
k PP λ                                                                                                                                                        (9) 

where 1−kP   and kP  are the applied loads at iteration (k-1) and k; 1
1
−kλ  is the buckling factor in equation (4) at 

iteration (k-1). 
As discussed in [9, 15], an accurate calculation of a linear buckling factor can be very difficult in topology 

optimization due to the impact of low density and void elements. It is even more difficult to accurately calculate 
the nonlinear buckling factor, as indicated by equation (4). Hence it is evident that the removal of all void elements 
is of paramount importance in solving design optimization problem, such as to minimize nonlinear structural 
compliance. An approach for the removal of void elements and material reappearance in MIST has been developed 
to minimize the nonlinear compliance of a structure with material and geometric nonlinearities [16]. This method 
is extended in this study to the topology optimization for minimum nonlinear compliance with the buckling 
constraint as the optimal design depends on the magnitude of the applied load. 
 When the material nonlinearity is not considered, the linear buckling factor may be used to reduce the 
computational cost as it is usually slightly larger than the nonlinear buckling factor, and hence it is used in this 
study for simplicity. When there is no buckling mode in an optimal structure, the maximum stress constraint may 
be introduced to obtain the optimal topology for the nonlinear compliance. In the early iterations, the buckling 
factor may be sharply altered due to the effects of low density elements. In practical computations, the buckling 
constraint can be introduced after certain number of iteration. In all the present computation, the buckling 
constraint is applied when the removal of void elements commences. 
 
3. Numerical results and discussion 

Numerical results are presented for the two samples shown in Figure 1 to illustrate the effectiveness of the 
present MIST algorithm for topology optimization of geometrically nonlinear structures.   
3.1 Optimization for a specific load 

Sample 1 of Figure 1(a) was studied in [17-19]. The data given in Figure 1(a) are the same as those in [19]. 
When F = 2 MN, the optimal topologies btained by using the present algorithm are illustrated in Figure 2(a) and 
2(b), which are similar to those in [19]. However, the linear and nonlinear compliances predicted by the present 



 
 

4 

computation are 24.5% and 9.64% lower than those (C* in Figure 2(a) and (b)) in [19].  Variations of the nonlinear 
compliance (C), the buckling factor (Eig_1) and the numbers of void (N_void) and solid (N-solid) elements are 
illustrated in Figure 2(c). 

 

                   1500                  1500 
                                       F  

 

(a) 

E = 2 GPa, ν = 0.3; Vf = 0.3 

Size: 3000×1000×100 (mm3) 

                                      (b)                                     F 

E = 3 GPa, ν = 0.4; Vf = 0.5 

Size: 1000×250×100 (mm3) 

 
Figure 1 Design domains of samples 1 (mesh: 120×40) and 2 (mesh: 160×40) 

 
 Sample 2 in Figure 1(b) was investigated by many researchers [1, 2, 6, 19, 20]. When F = 144 kN, the optimal 
topologies obtained in the present computation are plotted in Figure 3, which collate well with those in [1]. The 
present linear and nonlinear compliances are 8.74% and 9.03% lower than those (C* in Figure 3) in [1]. 
 Figures 2 and 3 show that the present nonlinear compliances are around 9% lower than those in the literature 
even though the topologies were similar; this could be due to the effects of the void elements on the accurate 
estimation of the nonlinear compliances. Figure 2(c) also indicates that the all the quantities converge almost 
within 30 iterations. Material distributions or densities at iterations 1, 5, 10 and 30 are given in Figure 4. It can be 
seen that the removal of void elements and material reappearance can be realized in the present computation. At 
iteration 30, C = 432.7 kJ, λ1 = 6.402, N_void = 3214 and 1296; and at iteration 100, these data are 430.5 kJ, 6.418, 
3234 and 1308, respectively.  Figures 2(c) and 4 reveal a fast convergence rate of the present algorithm. 

(a) C = 595 kJ (C* = 788 kJ) 

(c) Nonlinear compliance versus iteration (b) C = 431 kJ (C* = 477 kJ) 
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Figure 2 Optimization for sample 1: (a) optimal topology for linear analysis; (b) optimal design for nonlinear 
analysis; (c) nonlinear compliance and removal of void elements 
 

(a) C = 24.64 kJ (C* = 27.00 kJ) 
 

(b) C = 23.58 kJ (C* = 25.92 kJ) 
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Figure 3 Optimization for sample 2: (a) topology for linear analysis; (b) optimal design for nonlinear analysis 

 
(a) Iteration = 1; C = 1579 kJ 

 
(c) Iteration = 10; C = 457.7 kJ 

 
(b) Iteration = 5; C = 577.8 kJ 

 
(d) Iteration = 30; C = 432.7 kJ 

 
Figure 4 Material distributions at iterations 1, 5, 10 and 30 
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(a) linear analysis (b) nonlinear analysis 
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Figure 5 A comparison of the compliances predicted by the MIST and SIMP [19](quantities with asterisks) 
 

A comparison of the compliance versus iteration curves for linear and nonlinear cases computed by the 
present algorithm and in [19] is illustrated in Figure 5. It is evident that the numerical stability, convergence 
performance and the minimum compliances of the present computation appear better than those in [19] where the 
SIMP was used by combining a meshless method with a density interpolation to treat void elements. 

For the cases of F = -10 kN and F = -1 MN, the present optimal designs are plotted in Figure 6.  It is obvious 
that the two designs are different. Different designs were also observed for different load levels in [1] for sample 2. 
That is, topologies can be dependent on the load levels in optimization for nonlinear compliance. In the present 
algorithm, the buckling constraint is used to find the optimal designs. 

(a) F = - 10 kN; C = 14.1 J (b) F = -1 MN; C = 163 kJ (c) F = -1.445 MN; C = 277 kJ 
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Figure 6 Optimization for nonlinear compliance of sample 1 
 
3.2 Optimal design with buckling constraint 

In the present iteration process, equation (9) is applied when the removal of void elements starts. The optimal 
topology to minimize the nonlinear compliance for sample 2 predicted by the present algorithm is shown in Figure 
6(c), which is different from those in Figure 6(a) or 6(b). Figure 7(a) illustrates the variations of C, λ1, load level, 
the numbers of void and solid elements with iteration number. In the iteration process, F is chosen as - 1MN 
initially.  It can be seen that: 1) λ1 →1 after iteration 33; 2) the maximum load level is F = -1.445 MN; 3) good 
convergences are achieved for these quantities in Figure 7(a). Figures 6 and 7(a) indicate the importance of 
introducing the buckling constraint in the optimization of geometrically nonlinear structures. Figure 7(b) 
illustrates the convergence histories of the iso-surface level (t) and compliance (C) in linear and nonlinear 
analyses. It is interesting to note that the fluctuation in t in the linear analysis is larger than that in the nonlinear 
analysis. After iteration 60, t and C are converged for linear and nonlinear cases.  

(a) Iterative process for nonlinear compliance 
 

(b) Variations of iso-surface level and compliance  
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Figure 7 (a) optimization for nonlinear compliance with the maximum load of -1.445 MN; (b) variations of t and C  
 
4. Concluding remarks 

Topology optimization for geometrically nonlinear compliance is re-defined as new formulation by 
removing void elements in FEA and introducing the buckling constraint. Numerical results show that the 
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numerical issues in topology optimization for geometrically nonlinear structures can be resolved by excluding 
void elements in all nonlinear FEA and including them in the design variable update allowing reappearance of the 
material removed in previous iteration in the present MIST algorithm. By introducing a buckling constraint, 
optimal design can be obtained for geometrically nonlinear structures and the maximum load level without 
buckling can also be determined. 
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