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1. Abstract  

In this paper, we present a two-phase optimization method for designing the shape and thickness of a shell 
structure consisting of an orthotropic material. Compliance vector for multiple loadings is used as the objective 
functional. The objective functional is quantified by the weighted sum method and minimized under the volume 
and the state equation constraints. In 1st phase, the shape is optimized, in which it is assumed that a shell is varied 
in the out-of-plane direction to the surface to create the optimal free-form. In 2nd phase, thickness optimization is 
implemented following the shape optimization to decrease the compliance further. A parameter-free shape and 
thickness optimization problem is formulated in a distributed-parameter system based on the variational method. 
The shape and thickness sensitivities are theoretically derived and applied to the H1 gradient method for shape and 
size optimization. The optimal multi-objective free-form of a shell structure with an orthotropic material can be 
determined using the proposal method, and the influence of orthotropic materials to the optimum shape and 
thickness distribution is fully investigated. 
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3. Introduction 

Shell structures are widely used in various industrial products. From an economic point of view, weight reduction 
is strictly required in the structural design of cars, aircrafts and so on. The usage of composite materials in shell 
structures is one of the solutions to meet the requirement since they have higher material performances than 
metals. In especial, orthotropic materials can be used for making specific stiff directions of shell structures. 
Moreover, with design optimization, mechanical properties can be significantly improved. 

In the case of optimizing the shell structures, shape optimization, including parametric and non-parametric 
methods, is an effective mean. The free-form optimization method for shells is one of the non-parametric methods 
for arbitrarily formed shells that can determine the optimal smooth and natural free-form without causing jagged 
surfaces and without requiring shape parameterization. This method was proposed [1] based on the traction 
method, or H1 gradient method [3, 4]. However, there has seldom study of shape optimizations for shell structures 
consisting of anisotropic materials. In our previous work [1, 2], we developed a free-form optimization method for 
determining a dynamically natural and optimal shell form. However, this method has been only applied to the shell 
structures with isotropic material. In this work, the method is applied to a shell structure with an orthotropic 
material, and the influence of the difference of the materials is investigated. In addition, a non-parametric method 
for thickness distribution based on the gradient method is newly developed introducing Poisson’s equation both to 
reduce the objective functional and to maintain thickness smoothness. The shape and the thickness optimization 
method is also integrated to obtain higher stiffness of shell structures, or to eliminate the waste of the thickness. 

The key point of the integrated on the two-phase optimization of shell structures is determining the shape first, 
subsequently, reducing unnecessary thickness for lighting-weight. In addition, multi-objective shell structures 
with multi-boundary conditions are considered for actual applications. In the present work, we use the compliance 
vector for multi-loading as the objective functional. The compliance minimization problem is formulated in a 
distributed-parameter shape and thickness optimization system. The sensitivity functions, also called the shape and 
thickness gradient functions, or the optimal conditions, are theoretically derived using the material derivative 
method and the adjoint method. The derived shape gradient functions are applied to the proposed two-phase 
optimization method.  

 
4. Governing Equation for a Shell with an Orthotropic Material 

As shown in Fig. 1(a), we consider a shell having an initial bounded domain 3Ω ⊂ °  with the boundary ∂Ω , 
mid-surface A with the boundary A∂ , side surface S and thickness t. It is assumed for simplicity that a shell 
structure occupying a bounded domain is a set of infinitesimal flat surfaces. The Mindlin-Reissner plate theory is 
applied concerning plate bending. Using the sign convention in Fig. 1-(b), the displacements expressed by the local 
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coordinates { } 1,2,3i i
u

=
=u  are considered by dividing them into the displacements in the in-plane direction 

{ } 1,2 
uα α=

 and in the out-of-plane direction 3u .  
When NB boundary conditions are independently applied to a shell, the weak form of the nth state equation with 

respect to ( ) ( ) ( ) ( )
0( , , ) ,   ( 1, , )n n n nw U n NB∈ = ⋅⋅⋅u θ  can be expressed as Eq. (1).  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0 0 0(( , , ),( , , )) (( , , )),   ( , , ) ,   1, ,n n n n n n n n n n n n na w w l w w U n NB= ∀ ∈ = ⋅⋅⋅u u u uθ θ θ θ ,              (1) 

 
where the energy bilinear form (  ,  )a 　 　⋅ ⋅  and the linear form ( )l 　　⋅  for the nth state variables ( ) ( ) ( )

0( , , )n n nwu θ are 
respectively defined as: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0 0 , 3 , 0 , 3 , , ,(( , , ),( , , )) { ( )( ) ( )( )}n n n n n n n n n n S n n n na w w E u x u x E w w dαβγδ α β α β γ δ γ δ αβ α α β βΩ

θ θ θ θ Ω= − − + − −∫u uθ θ ,   (2) 

( ) ( ) ( ) ( ) ( ) ( )
, , 0 , 0 ,( { + + } )B n n M n n S n n

A
e e u u ke dAαβγδ γ δ α β αβγδ γ δ α β αβ β ακ κ γ γ= ∫ .                                           (3) 

( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0 0 3(( , , )) ( ) ( )n

d

n n n n n n n n n n n n n

A A
l w f u m q w dA t b u b w dAα α α α α αθ= − + + +∫ ∫u θ  

( )

( ) ( ) ( ) ( ) ( ) ( )
0( )

n
g

n n n n n n

A
N u ds M Q w dsα α α αθ∂

+ − +∫ ,                (4) 

 
where the notations { }0 1,2 

u α α=
, w and { } 1,2 

 α α
θ

=
express the in-plane displacements, out-of-plane displacement 

and rotational angles of the mid-surface of the shell, respectively. In this paper, the subscripts of the Greek letters 
are expressed as 1,2α = , and the tensor subscript notation uses Einstein's summation convention and a partial 
differential notation for the spatial coordinates ,( ) ( ) /i ix⋅ = ∂ ⋅ ∂ . ( )  denotes a variation. Loads acting relative to 
the local coordinate system 1 2( , ,0)x x  are defined as: q(n), { }( ) ( )

1,2

n nfα α=
=f , { }( ) ( )

1,2

n nmα α=
=m , { }( ) ( )

1,2

n nNα α=
=N , 

Q(n), { }( ) ( )

1,2

n nMα α=
=M  and { }( ) ( )

1,2,3

n n
i i

h hb
=

=b  denote non-zero out-of-plane load, a non-zero in-plane loads, a 
non-zero out-of-plane moments, a non-zero in-plane loads, a non-zero shearing force, a non-zero bending 
moments  and a body force, respectively. In addition, , , , 1,2{ }Eαβγδ α β γ δ =  and , 1,2{ }SEαβ α β=  express an orthotropic 
elastic tensor including bending and membrane stresses, and an orthotropic elastic tensor with respect to the 
shearing stress, respectively. , , , 1,2{ }Beαβγδ α β γ δ = , , 1,2{ }Seαβ α β=  and , , , 1,2{ }Meαβγδ α β γ δ =  express orthotropic elastic tensors 
with respect to bending, shear and membrane component, respectively. The constants k expresses a shear 
correction factor (assuming k=5/6).  
 

 
 

(a) Geometry of shell and global coordinates  (b) Local coordinates and DOF of flat surface 
Figure 1: Shell as a set of infinitesimal flat surfaces. 

 
The notations ( )

, 1,2{ }nαβ α βκ =  and ( )
1,2{ }nα αγ =  express the curvatures and the transverse shear strains. It should be 

noted that ( )nU  in Eq. (1) is given by: 
( ) ( ) ( ) ( ) ( ) ( ) 1 5

01 02 1 2{( , , , , ) ( ( )) | satisfy the given Dirichlet conditions on each subboundary}n n n n n nU u u w H Aθ θ= ∈  ,  (5) 
 
where 1H  is the Sobolev space of order 1. 
 
5. Multi-objective Free-form Optimization for Shape-thickness Problem Considered Orthotropic Material 

In this study, with the aim of maximizing the stiffness of a multi-objective shell structure, a compliance vector 
(1) (1) (1) (2) (2) (2) ( ) ( ) ( )
0 0 0{ (( , , )), (( , , )), , (( , , ))}NB NB NBl w l w l w⋅⋅⋅θ θ θu u u  is used as an index of structural stiffness under 

multi-loading conditions. This objective functional is scalarized by the weighted sum method as follows: 
( ) ( ) ( )

( ) 0
( )

1

(( , , )), 
n n nNB

n
n

n init

l wc
l=

∑
θu                                                                    (6) 

( )

1

    1
NB

n

n

c
=

=∑ ,                                                                          (7) 
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where ( )n
initl  indicates the compliance for the nth boundary condition of the initial shape, which is used for 

normalizing the compliances. c(n) indicates the weighting coefficient of the nth boundary condition, which has the 
relationship shown in Eq. (7). 

Letting the volume and the state equations in Eq. (1) be the constraint conditions and the weighted sum 
compliance in Eq. (6) the objective functional to be minimized, a distributed-parameter shape optimization 
problem for finding the optimal design velocity field V , or sA  can be formulated as: 

Given    , A t                                                                                                (8) 
find     (or  ) , sA V st                                                                                   (9) 

( ) ( ) ( )
( ) 0

( )
1

(( , , ))that minimizes   , 
n n nNB

n
n

n init

l wc
l=

∑
u θ                                              (10) 

ˆsubject to    ( )
A

M = tdA M≤∫ and Eq. (1)                                                (11) 

 
where M and M̂  denote the volume and its constraint value, respectively. 
 
5.1. Derivation of gradient functions 

Letting ( ) ( ) ( )
0( , , )n n nwu θ  and Λ  denote the Lagrange multipliers for the nth state equation and the volume 

constraint, respectively, the Lagrange functional L associated with this problem can be expressed as: 
(1) (1) (1) (1) (1) (1) (2) (2) (2) ( ) ( ) ( )
0 0 0 0( , ( , , ), ( , , ),( , , ), ,( , , ) )NB NB NBL w w w w ,Ω Λu u u uθ θ θ θ                           

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0

0 0 0( )
1 =1

(( , , )) ˆ  { (( , , ) (( , , ),( , , ))} ( )
n n nNB NB

n n n n n n n n n n
n

n ninit

l wc l w a w w M M
l=

= + − +Λ −∑ ∑
u u u uθ

θ θ θ .    (12) 

 
 Using the design velocity field V to represent the amount of domain variation, the material derivative &L [1, 5] of 
the Lagrange functional L can be expressed as: 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0

0 0 0( )
1 =1

(( , , ))+ { ( , , ) (( , , ), ( , , ))
n n nNB NB

n n n n n n n n n n
n

n ninit

l wL c l w a w w
l

&
=

ʹ′ ʹ′ ʹ′
ʹ′ ʹ′ ʹ′ ʹ′ ʹ′ ʹ′= −∑ ∑

θ
θ θ θ

u u u u                   

( ) ( ) ( ) ( ) ( ) ( )
0 0

ˆ(( , , ), ( , , ))} ( ) , + , ,     n n n n n n
tS t

a w w M M G G t CΘʹ′ ʹ′ ʹ′ ʹ′ ʹ′− +Λ − + ∈u u n V Vθ θ               (13) 

, A n f nS A A
G G V dA G V dS= +∫ ∫n V                                           

,t tt A
G t G t dAʹ′ʹ′ = ∫                                                     

 
By using the KKT optimality conditions, the shape and thickness gradient functions AG and tG (i.e., sensitivity 
functions) for this problem are derived as 

}
( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0 , , 0 , , 0 , , 0 , ,( )1

( )( ) ( )( )
2 2 2 2

n
NB n n n n n n n n

A nn
init

c t t t tG E E H
l αβγδ α β α β γ β γ β αβγδ α β α β γ β γ β=

⎧ ⎡ ⎤⎪ ⎧ ⎫= − + + − − − Λ⎨ ⎨ ⎬⎢ ⎥
⎩ ⎭⎦⎪ ⎣⎩

∑ u u u u + t nθ θ θ θ ,  (14) 

( )

, , 0 0 , 0 ,( )1

B S Mn
NB

t nn
init

E E EcG
t t tl
αβγδ αβ αβγδ

γ δ α β α β γ δ α βκ
=

⎧ ⎫⎛ ⎞∂ ∂ ∂⎪ ⎪
= + + +Λ⎜ ⎟⎨ ⎬⎜ ⎟∂ ∂ ∂⎪ ⎪⎝ ⎠⎩ ⎭
∑ u uθ θ γ γ ,             (15) 

 
where H is calculated by the area strain, modifying the proposed method [1]. 

The shape gradient functions are applied to the H1 gradient method to determine the optimal design velocity field 
V and the optimal thickness variation field tʹ′ . 
 
6. H1 gradient method for shells 

The free-form optimization method for shell was proposed by Shimoda et al. [1], which consists of main three 
processes; (1) Derivation of shape gradient function (2) Numerical calculation of shape gradient function (3) The 
H1 gradient method for determining the optimal shape variation. The H1 gradient method is a gradient method in a 
Hilbert space. The original H1 gradient method was proposed by Azegami in 1994 [6] and also called the traction 
method. Shimoda modified the original method for free-form shell optimization. In the present paper, we newly 
propose a H1 gradient method for determining the optimal thickness distribution and integrate it with the H1 
gradient method for shape optimization [1]. It is a node-based shape and thickness optimization method that can 
treat all nodes as design variables and does not require any design variable parameterization. 
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6.1. H1 Gradient Method for Thickness Optimization of Shell 
 The H1 gradient method for shells can be easily expanded to the thickness optimization. When the state equations 
and the adjoint equations are satisfied, the perturbation expansion of the Lagrange functional L can be written as: 

( )2,tL G st O sΔ Δ Δʹ′= +                                                               (16) 

 
where ( )0sΔ >  is sufficiently small constant. To obtain the optimal thickness variation field tʹ′ , the following 
weak formed Poisson’s equation, or the governing equation for  tʹ′  is introduced. 

( ) 0, , , ,     t ta t v t t v G stΔ−a¢ ¢ ¢+ -­‐‑ =  ,   t tC t C∀ ∈ ∈n ¢                                    (17) 

( ) , ,,  i ij jA
a t v t k v dA¢ = Ú                                                                  (18) 

 
where tʹ′ and 0t  denote thickness variation field and the reference thickness, respectively. It is assumed that 

0 0t tʹ′ − > . The notations tα  and ijk  are equivalent to the heat transfer coefficient and the thermal conductivity 
tensor in the steady heat transfer equation, respectively. Eq. (17) can be also easily solved with a standard 
commercial FEM code. The kinematic admissible function space tC  is defined as:  

 1  }tC H satisfy Dirichlet condition for thickness variation= ∈{t                               (19) 

 
Substituting Eq. (17) into Eq. (16), we obtain: 

( )( )0, , ,t tL G st a t v t t vΔ αʹ′ ʹ′ ʹ′Δ = − + −;                                                  (20) 
 

Furthermore, taking into account the positive definitiveness of the bilinear form ( ), 0ta t vʹ′ > , 0 ,t t t vα ʹ′−  
and 0sΔ >  in Eq. (17), 

0LΔ <                                                                                 (21) 
 

In problems where convexity is assured, this relationship definitely reduces the Lagrange functional in the process 
of updating the shell thickness using the thickness variation field tʹ′  determined by Eq. (17). In this method, the 
negative thickness gradient function tG− is applied as a distributed internal heat generation to a pseudo-elastic 
shell to the design surface. The thickness variation field tʹ′  is calculated as the solution or the pseudo-temperature 
distribution of Poisson’s equation and is used to update the original thickness. 
 
6.2. Two-phases optimization method 
 To minimize the compliance and mass of shell structures, both shape and thickness are treated as design variables 
in the optimization. In the present work, the shape optimization is applied firstly to shell structures composed of 
orthotropic materials. Then, the thickness optimization is carried out after shape convergence.  
 
7. Calculated Results 
 The proposed method is applied to T-joint model. The initial shape and the problem definition are illustrated in 
Fig.2. In the stiffness analyses shown in Fig.2 (a) and (b), left and right side edges of T-joint are simply supported 
in both analyses. A coupling force is applied as load case 1 (i.e., torsional condition) at the top edge of T-joint and 
a distributed force to y direction is applied as load case 2 (i.e., bending  condition). In the velocity analysis shown 
in Fig.2 (c), it is assumed that right, left side edges and top, bottom surfaces are simply supported.  The volume 
constraints of both shape and thickness are set as 1.00 times the initial value. The material constants are used as 
1 2 12210000Pa, 21000Pa, 65000PaE E G= = = and 0.3.ν =  The optimization results of isotropic model and 

orthotropic model are expressed in 8.1 and 8.2, respectively. 
 
7.1. Isotropic material 

In this problem, an isotropic material is distributed as base material and the proposed two-phase optimization 
method is applied. Figure 3 shows the Pareto optimal shapes and thickness obtained, where the weighting 
coefficient c(1) is varied over 5 stages from 1.0 to 0.0. When c(1) is small, the shape and thickness distribution are 
strongly influenced by load case 2. As the value of the weighting coefficient c(1) is increased, the shape and 
thickness distribution gradually begin to show the influence of load case 1. As shown in Fig 3 (a)-(e), core part of 
T-joint is firstly expanded and the bead on a neck is gradually disappeared instead of the arms are gradually 
expanded while the value of the coefficient c(1) is decreased. In the thickness optimization, thickness is distributed 
on a neck and gradually disappeared instead of appearing thickness distributions on the side of arms. It is clear that  
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(a) Stiffness analysis (Load case 1) (b) Stiffness analysis (Load case 2) (c) Velocity analysis  
Figure 2:  Boundary conditions for design problem 2 

 
a set of Pareto optimal shapes and the thickness distributions (i.e., intermediate shapes and thickness distributions) 
can be obtained by varying the weighting coefficient. 
 In Fig 4, the compliance ratio of the results above having two objective functionals is shown. It is shown that the 
compliances for the two load cases involve a trade-off. 
 

 
 

(a) c(1)=1.0           (b) c(1)=0.8           (c) c(1)=0.5          (d) c(1)=0.2          (e) c(1)=1.0 
Figure 3: Pareto optimal shapes and thickness under multi-loading conditions of T-joint model 

 

 
 

Figure 4: Comparison of compliance of T-joint model 
 

7.2. Orthotropic material 
 The same optimization problems as 7.1 with orthotropic materials are solved to investigate the influence of 
material. Material distribution of 1E  is illustrated in Fig 5. The direction of 2E  is vertical to 1E . Young’s  modulus 
ratio is set as 

1 2: 10 :1E E = . 
 

 
 
 

Figure 5: Material layout for orthotropic material of T-joint model 
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Figure 6 shows the Pareto optimal shapes and thickness obtained, where the weighting coefficient c(1) is varied 
over 5 stages from 1.0 to 0.0. As shown in Fig 6 (a)-(e), both shape and thickness show similar pattern as isotropic 
one however they are gradually twisted while the value of the coefficient c(1) is decreased. Compared with the 
isotropic material, the Pareto optimal shapes and thickness with orthotropic material are clearly different from 
those of the isotropic one. 
 In Fig 7, the compliance ratio of the results above having two objective functionals is shown. As isotropic material, 
it is showed that the compliances for the two load cases involve a trade-off as isotropic material. 

 

 
 

            (a) c(1)=1.0         (b) c(1)=0.8         (c) c(1)=0.5         (d) c(1)=0.2         (e) c(1)=1.0 
Figure 6: Pareto optimal shapes and thickness under multi-loading conditions of T-joint model 

 

 
 

Figure 7: Comparison of compliance of T-joint model 
 

8. Conclusion 
 This paper proposed a non-parametric multi-objective free-form optimization method for shape and thickness of 
shell structures consisting of orthotropic materials. We designed the Pareto optimal free-form shape and thickness 
of multi-objective shell structures under multi-boundary conditions. The shape and thickness gradient functions 
were derived and applied to this free-optimization method. A design example was presented to verify the 
effectiveness and practical utility of this method. The proposed method makes it possible to obtain the smooth and 
natural Pareto optimal shape and thickness while reducing the objective functional without shape and thickness 
parameterization. According to this method, a natural bead pattern and thickness can be obtained according to the 
boundary conditions. An orthotropic material was distributed to these design problems and the influence of 
material distributions to the optimal shape and thickness distributions of shell structures was also investigated in 
detail.  
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