
Comput. Methods Appl. Mech. Engrg. 194 (2005) 3394–3415

www.elsevier.com/locate/cma
An evolutionary shape optimization for elastic
contact problems subject to multiple load cases

Wei Li a, Qing Li b,*, Grant P. Steven c, Y.M. Xie d

a School of Aerospace, Mechanical and Mechatronic Engineering, The University of Sydney, NSW 2006, Australia
b School of Engineering, James Cook University, Townsville, QLD 4811, Australia

c School of Engineering, University of Durham, Durham DH1, 3LE, United Kingdom
d School of Civil and Chemical Engineering, Royal Melbourne Institute of Technology, GPO Box 2476V, Melbourne, VIC 3001, Australia

Received 20 January 2004; received in revised form 23 August 2004; accepted 6 December 2004
Abstract

Most structures in the real life are subject to multiple load cases. This paper aims at extending the evolutionary struc-

tural optimization (ESO) algorithm to optimal contact shape design for elastic bodies under the multiple load cases. To

evaluate the reference stresses of each contact node in a finite element framework, an extreme stress criterion (the worst

case design) and a weighted average criterion (Pareto design) are presented. In the extreme stress method, the highest

nodal contact stress under all load cases is adopted as the reference level. In the weighted average method, the weighted

sum of nodal contact stresses over all the load cases is regarded as the reference. It is found that these two criteria can

produce different results. In this paper, the examples are presented to demonstrate some new features of contact shape

optimization in the presence of the multiple load cases.

� 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Designers are often faced with the problem of optimization of a structure that is subjected to multiple

load cases. The term ‘‘multiple load case’’ here means groups of loads that act independently at different

times in the structural lifecycle. In the course of its life, a structure is usually required to sustain several
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different types of load sets, each of which can induce a totally different type of structural response. Fre-

quently, these loading conditions are completely independent of each other in the sense that they scarcely

act upon the structure at the same time. As a consequence of this, it is usually hard even for the most expe-

rienced designer to identify the most critical load case for the design. It is highly desirable that the design

would be suitable for all the load cases under the prescribed criteria. Unfortunately, this is often extremely
difficult if not impossible. In a certain sense, the design in a multiple load environment can be to pursue an

optimum compromise.

Structural shape optimization problems involving multiple loading conditions can be broadly divided

into two categories. One type concerns the optimization of stiffness, natural frequencies and other objective

functions relative to each individual loading condition. This forms a multiple objective optimization prob-

lem [1]. The other type involves finding the optimal shape for one of the most critical objectives, at the same

time satisfies certain constraints, such as allowable displacements, stresses and natural frequencies in rela-

tion to all loading conditions. This presents a single objective optimization problem involving multiple con-
straints [2]. As pointed out by Adali [3], the main difference between a multi-objective design and a

constrained design is that the former behaves more interactively and could provide a family of designs

to explore the best possible alternatives.

There are a limited number of reports in the literature concerning structural optimization involving mul-

tiple loading conditions, which is the situation that designers actually encounter in creating structural de-

signs. Botkin developed a two-dimensional shape optimization approach with adaptive mesh refinement

over multiple loading conditions [4]. Diaz and Bendsøe extended the well-established Homogenization

algorithm to multiple load cases, where the objective function was constructed in terms of the weighted
average of all mean compliances [5]. Following this technique, Bendsøe et al. further demonstrated a num-

ber of optimization problems for continuum structures subjected to the multiple loading conditions [6,7].

Shimoda et al. also introduced a differentiable Kreisselmeier–Steinhauser global integral function to scalar-

ize the multi-objectives of the mean compliances corresponding to individual loading [8]. Gutkowski and

Dems presented an optimality criteria algorithm based on the Kuhn–Tucker theorem in two-dimensional

shape optimization, in which the multiple loading conditions were represented in the problem of equality

conditions of a set equilibrium equations for each loading case separately [9]. Haridas and Rule used a

modified interior penalty algorithm to treat all the load cases simultaneously, where the multiple load case
problem was transformed into an equivalent single load case by means of a pseudo-constraint vector [10].

O�Brien and Dixon described the use of algebraic linear programming for optimal design of pitched roof

frames subject to multiple load conditions [11]. Papadrakakis et al. thoroughly considered an Evolutionary

Algorithm (EA) for both static and seismic load conditions in large-scale design problems, where a number

of accelerograms were produced from the elastic design response spectrum of the region and then was used

to constitute the multiple loading conditions for optimal designs [1,12]. In favor of the well-known fully

stressed design, Mueller et al. exhaustively investigated the relation of structural responses under multiple

load cases with the Pareto frontier [13]. To formulate a combined sensitivity for the multiple load cases, the
weighting coefficients were determined in terms of the ratios of structural responses to the corresponding

constraints in the work by Chu et al. [2] and Wang et al. [14], where the method was shown in consistency

with the Kuhn–Tucker condition.

Different from the approaches to the equal or compromised consideration of all load conditions as men-

tioned above, Xie and Steven took into account the highest elemental stress level (the worst case) over all

load cases for identifying the extreme efficiency of material usage [15,16]. Those elements with the least effi-

ciency under all load conditions are progressively removed until the remaining elements become relatively

efficient for at least one of all the load cases. As an extension to Xie and Steven�s work, Young et al. re-
ported a bi-directional evolutionary topology optimization approach to both two- and three-dimensional

structures subjected to the multiple load cases [17]. Here again, elements are removed only if they are inef-

ficient for all the load cases, but added if needed for just one load case.
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It is found that the existing literature mainly involves some linear structural systems. In other words,

whatever the complexity of load conditions, the structural stiffness matrix remains unchanged. As a result

of this, the cost of finite element analysis for the multiple load cases would be nearly the same order as that

for a single load case. More importantly, in spite of the different load conditions, the structural responses

are linearly characterized, in which the principle of superposition can be always applied. To a certain extent,
this appears relatively simple for design optimization and may not increase the difficulty of the design trade-

off too much [18,19].

In elastic contact systems, multiple load cases are very common. For example, surface contact stress of a

bearing depends on the magnitude and direction of the applied loads. For a washer of fastener system the

contact stress relies on the initial torque produced from the spanner. In these examples, the load cases can

be applied at the different locations (e.g. bearing) or the same location but in different magnitudes (or direc-

tions) and at different times (e.g. washer).

Due to the high non-linearity of unilateral contact systems, the incremental stiffness matrices (i.e. a tan-
gential stiffness matrix based on a linearization of governing equilibrium equation) need to be decomposed

individually for each load case. This implies that the structural responses of elastic contact systems may

be of a higher order of difference than those of linear elastic systems. Consequently, there would appear

greater difficulty to achieve a best possible compromise for all load cases. In a review article, Esping

described a practical example of contact shape optimization subjected to multiple load cases [20]. The con-

tact stress peak was remarkably reduced through the shape optimization of contact components. Late,

Kocvara et al. formulated an optimal problem of unilateral contacts subjected to multiple load cases, where

the minimum of the potential energies over the load cases is considered as the objectives [21]. They recog-
nized that only a ‘‘better’’ design could be achieved for this type of problem, which to a certain extent

depends upon the designer�s preference and design criteria adopted. A conservative way that they suggested

was to look for the so-called the worst case design. In a later version of their study [22], they mathematically

proved the existence of a solution to the continuum elasticity under multiload cases, where the total potential

energies were minimized in a sense of the worst case. In effect, the minimization problem of potential energies

presents no significant difference in the algorithms with those of traditional stiffness maximization problem

but introducing multiple unilateral contact conditions [21]. To the authors� best knowledge there has been
inadequate report, to date, regarding the contact shape optimization subjected to multiple load cases in spite
of its great significance. Moreover, there was a fundamental lack of a thorough analysis and comparison in

the multiple solutions. A further endeavor to explore such a problem would be considerably beneficial from

both a theoretical and a practical perspective.

This paper aims at extending the well-established ESO algorithm to the optimum shape designs of elastic

contact problems under the multiple load cases. Unlike the single load case [23–25], there will be the same

number of contact stress levels as the load case number for each contact pair. One of the major problems

associated with this type of structural system is to determine the reference stress level for each contact pair.

In this study, two practical criteria, namely the extreme stress criterion (the worst case design) and the
weighted average criterion (Pareto design), are presented. The highest nodal contact stress over all load cases

is taken into account in the former, while the weighted average stress under all load cases is regarded as the

design reference in the latter. It is found that these two design criteria may lead to different optimal shapes.
2. Finite element modeling of contact problem

The contact of one body with another is an aspect of the mechanics of solids that is mathematically very
challenging. The underlying difficulty is that contact problems are highly nonlinear: the contact area may

not be known prior to the application of loads, the contact state and area may change during the loading

process, and complex physical phenomena present on the contact surfaces often require special mechanical
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Fig. 1. Finite element modeling for contact problem.
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and mathematical considerations [26]. In the last three decades, significant advances have been made in the

numerical solution of the unilateral contact problems using finite element techniques [27].

Fig. 1 illustrates the finite element modeling of two elastic bodies B1 and B2 in a possible contact state.
Without loss of generality, it is assumed that body B2 has a kinematical boundary condition while body B1

is acted upon by two load cases p1 and p2. Let the pairs of boundary nodes i1 and i2 (i = 1, 2, . . . ,M) be the

points where contact may occur at some stage of the contact process. Once these corresponding contact

nodes are defined on both the contact surfaces and their contact states are classified, contact stresses can

be obtained by a non-linear finite element analysis.

To emulate the contact state, which changes during the loading process, a simple approach is to intro-

duce compression-only gap beam elements, which have been adopted by many finite element structural ana-

lysis packages, e.g. G + D Strand6 [28]. These gap elements are designed to resist compression only and are
automatically removed from the analysis if placed in tension.

In the process of finite element analysis, the two contact bodies are modeled individually and the contact

surfaces are separated by a very small gap. As indicated in Fig. 1, the contact node pairs are joined together

by gap elements connected across the initial spacing between these two contact surfaces. At the initial con-

dition, all the gap elements are neither in compression nor in tension. The initial gap length indicates a crit-

ical contact state. Any consequence of loading that makes the spacing smaller would put the gap elements

in compression and the beams need to possess an artificially high axial stiffness to transfer the forces be-

tween the two bodies and to prevent one body from penetrating into another. Alternatively, any conse-
quence of loading that makes the spacing larger would put the gap elements in tension and cause it to

be automatically removed from the analysis.

With such a special treatment in contact, these two contact bodies are considered as a whole. As a result,

the equilibrium equation of the entire system can be expressed in a linearized finite element form as
K juj ¼ pj ðj ¼ 1; 2; . . . ;NÞ ð1Þ
where pj denotes the loading vector of the jth load case and Kj the corresponding global tangential stiffness
matrix of the structural system. Unlike the linear elastic system with single deformable body, the justifica-
tion of contact status can hardly be achieved in one step. In general, a step-by-step incremental method is

required in a fashion of Newton-Raphson iterations as in [29].

In this study, G + D Strand6 solver [28] was employed for the contact finite element analysis. To

implement the gap beam elements, a regular matching node-to-node mesh across the contact interface

is required, as illustrated in Fig. 1. When necessary, different element types may be applied as far as
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the interfacial nodes can be matched. For elastic contact problems, it is also assumed that a small con-

tact deformation (either sticking or slipping with or without friction) is taken place in a conforming

form over the mesh. In the FE solver, a rigorous contact search algorithm is applied for each linear

iteration.

Although G + D Strand6 finite element solver is employed as an analysis tool in this study, the proposed
ESO contact algorithm can be directly accommodated to other finite element formulations. Furthermore,

ESO itself does not require the node-to-node mating mesh [23,24], which allows a substantial sliding over

the interface and the freedom of meshing. In practice, human and animal biting motion is one of such

examples, where slipping between upper and lower teeth can be very significant and the contact modeling

and analysis become more complex. It is worth pointing out that the investigation of contact algorithms is

beyond the scope of this paper. The existing finite element methods are taken only as an analysis engine for

the design optimization.
3. Design criteria for multiple load cases

In a multiple load case system, a designer has to take all extreme design load conditions into account in

order to most possibly cover different structural situations in the design. From these multiple solutions to

the structural system, one needs to determine which load conditions are of crucial importance in the struc-
tural behavior. This implies that a design could depend heavily on the judgment and skill of the designer. In

this sense, the design appears more like an art than a science. In other words, different people may have

different views and objectives that may lead to totally different designs. In practice, it is hard to make a

unified criterion that suits all design requirements and strategies.

More difficultly, some load cases and the corresponding design criteria may be in discord with one an-

other in what they are set out to achieve. Such a dilemma in conflicting objectives exists in numerous prac-

tical contact systems. This further increases the complexity of solving contact shape optimization subjected

to the multiple load cases.
There are mainly two types of objective functions f(g(x)) reflecting the unilateral contact optimization

subjected to single load case in literature [30]. Note that in the optimal problem, the design variable can

usually be the gap function g(x) between potential contact node pairs on the contact bodies [31,32]. The

first class of optimality criterion, more inherent in engineering applications, is to minimize the maximum

contact stress or to achieve a uniform contact stress distributions over the contact profile, which may be

mathematically stated as [23,24,33]
f ðgðxÞÞ ¼ max
i

½riðgðxÞÞ� ð2Þ
where i indicates the ith contact pair (i = 1,2, . . . ,M). In spite of their practical significance, unfortunately,

the non-differentiability of such an objective function, to a certain extent, prevents the widespread applica-

tion of mathematical programming techniques.
The second class of optimality criterion, and less intuitive, is to minimize the potential energy U(g(x))

attained in equilibrium,
f ðgðxÞÞ ¼ UðgðxÞÞ ¼ 1

2
rTCr ð3Þ
where C denotes the flexibility matrix of the contact surface [34]. Eq. (3) gives an estimation of strain energy

stored in the body due to contact tractions. This usually leads to some convenient mathematical and com-
putational features (such as being differentiable) in addition to resulting in a uniform contact stress distri-

bution. On this aspect, Haslinger, Klarbring and their co-workers have devoted great efforts in relation to

the mathematical groundwork since 1980s [31]. The major work has been collected in the Ref. [32].
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The evolutionary approach developed in this paper characterizes heuristic, in which the gradient infor-

mation is not required. Hence, the first class of objective function, as in Eq. (2), namely the min-max or the

uniformity of contact stress, is adopted because of its direct relevance to practical issues such as wear and

fretting.

Consider N different load cases pj (j = 1,2, . . . ,N) applied to the contact system. Each may yield a com-
pletely different contact stress distribution r(pj,g). For dealing with such a situation, N objective functions

are accordingly required as fj(pj,g). It is highly desirable that the optimized gap function g(x) would have all
the objectives fj(pj,g) (j = 1,2, . . . ,N) being minimized. Thus the shape optimization of the contact system

subjected to the multiple load cases can be defined as,
min f ðgðxÞÞ ¼ min f1ðp1; gÞ; f2ðp2; gÞ; . . . ; fN ðpN ; gÞ½ �T;
s:t: gLðxÞ 6 gðxÞ 6 gUðxÞ;

(
ð4Þ
where gL(x) and gU(x) stand for the lower and upper bounds of the contact gap function respectively.

However, it is hardly possible to achieve such N design criteria simultaneously. It is found that to some

stage, any further improvement in one criterion requires a clear tradeoff with at least one other criterion.

This defines a Pareto optimum [35], where there exists no feasible solution g(x) that can decrease some

objective functions without causing at least one objective function to increase. In this sense, the Pareto opti-
mum represents a range of solutions. Indeed, only can the solution to the optimization subjected to multiple

load cases be laid on a Pareto implication.

To obtain some form of the Pareto optimum solutions to design problems under multiple load cases,

numerous methods can be adopted [1,36–38]. One of the easiest approaches is to construct a single cost

function which can appropriately reflect the major design requirement.
3.1. Extreme stress criterion

One of most popular approaches to the treatment of multiple load conditions is to identify the most crit-

ical load case. For this purpose, when the system, under multiple load conditions, is solved, the highest

stress level over all loadings is usually given priority [19,37]. The design goal would be to reduce the contact

stress peak in the worst loading case as
f̂ ðgðxÞÞ ¼ max
j

½f1ðp1; gÞ; f2ðp2; gÞ; . . . ; fjðpj; gÞ; . . . ; fN ðpN ; gÞ�: ð5Þ
In favor of this design criterion, Eq. (2) is adopted as the sub-objective function corresponding to each load

case,
fjðpj; gÞ ¼ max
i

½r1ðpj; gÞ; r2ðpj; gÞ; . . . ; riðpj; gÞ; . . . ; rMðpj; gÞ�; ð6Þ
where riðpj; gÞ � ri
j denotes the contact stress at the ith contact node under the jth load case. Substitution

of Eq. (6) into (5), the following relation holds
f̂ ðgðxÞÞ ¼ max
j

max
i

½riðpj; gÞ�
� �

¼ max
i

max
j

½riðpj; gÞ�
� �

: ð7Þ
Hence, the highest contact stress at the ith contact node pair over all load cases (j = 1,2, . . . ,N), can be taken
as the extreme reference stress as
~ri ¼ max
j

½riðpj; gÞ� ¼ max
j

½riðp1; gÞ; riðp2; gÞ; . . . ; riðpN ; gÞ�: ð8Þ
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Eq. (7) can be accordingly re-expressed as
�f ðgðxÞÞ ¼ ~rmax ¼ max
i

~ri ¼ max
i

max
j

½riðpj; gÞ�
� �

; ð9Þ
where ~rmax denotes the highest reference stress over all the contact nodes.

Such a design criterion can result in an even distribution of the extreme stress level over all the load

cases. That is to say, the modification of the nodal gap depends only on the maximum or most influential

load case at each node. From a static strength point of view, this appears an adequate criterion, where an
‘‘immediate’’ surface failure may rely heavily on the highest contact stress level.

3.2. Weighted average criterion

It is clear that, in the extreme stress criterion, the effect of other lower stress cases on a specific contact

node pair is completely disregarded. Under some circumstances, such a critical load case may be applied for

a very short duration or have little importance. In contact fatigue or surface wear design, the failure could

depend, not only on the magnitude of a stress, but also on the operational frequency or service duration.
The extreme scheme does not seem a convincing way to account for failure due to contact fatigue or wear.

To accommodate this situation, the weighted average criterion is introduced herein.

For simplicity, it is assumed that the weight coefficient wj(pj)P0 corresponding to the jth load case is

allocated in a constrained form of
X
j

wjðpjÞ ¼ 1: ð10Þ
Thus a unified objective function can be constructed as
fuðgðxÞÞ ¼ wT � f ¼
X
j

wjðpjÞfjðgðxÞÞ: ð11Þ
From the definition of the objective function as in Eqs. (2), (11) can be further written as,
fuðgðxÞÞ ¼
X
j

wjðpjÞrmax
j ¼

X
j

max
i

½wjðpjÞri
j�: ð12Þ
It can be seen that Eq. (12) does not explicitly provide any reference to individual node. To facilitate the

ESO procedure, however, it is indispensable to establish the nodal references [23–25]. For this purpose,

one of the typical approaches is to formulate a weighted reference nodal stress in an alternative way as

in references [19,39,40],
~ri ¼
X
j

wjðpjÞri
j ð13Þ
which represents the weighted sum of the contact stresses at node i over all the load cases. Obviously, Eq.

(12) presents an upper bound of the weighted reference stress ~ri in Eq. (13), i.e.
fuðgðxÞÞ �
X
j

max
i

wjðpjÞri
j

h i
P max

i
~ri � max

i

X
j

wjðpjÞri
j

" #
: ð14Þ
Similarly to Eq. (9), let ~rmax stand for the maximum value of the weighted reference contact stress (13). And

an alternative objective function can be consequently expressed as
�f ðgðxÞÞ ¼ ~rmax ¼ max
i

X
j

wjðpkÞri
j

" #
¼ max

i
½~r1; ~r2; . . . ; ~ri; . . . ; ~rM �: ð15Þ
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It is evident that the weight coefficients provide a means of dealing with various load cases differently.

For instance, the weights can be employed to reflect the operational frequency of any load case (i.e. the time

the loads are applied for) or to emphasize the importance of one load case relative to another. Apparently,

such a scheme presents an overall measure to all the load cases, where the effect of every load case is taken

into account in the sense of a weighted average [18,19]. More importantly, by varying the weights it is also
possible to generate the Pareto optimal solution [1,38], which puts the designer into a better position as a

decision maker by showing the optimal set other than a single optimum point.

In real world, different load cases may lead to considerably different objective magnitudes. For conve-

nience, some forms of normalization of the objective functions can be introduced as discussed in the liter-

ature [1]. It is expected that the normalization can noticeably reflect the uniformity of the reference stress.

One of the typical methods is to map the original objective function, Eq. (9) or (15), as,
f ðgðxÞÞ ¼
�f
max

k � �f
min

k

�f
max

0 � �f
min

0

¼ ~rmax
k � ~rmin

k

~rmax
0 � ~rmin

0

; ð16Þ
where subscript k stands for the number of the iteration and ~rmin denotes the minimum value of all the ref-

erence stresses as
~rmin ¼ min
i
½~r1; ~r2; . . . ; ~ri; � � � ; ~rM �: ð17Þ
It is found that Eq. (16) can make the different design problems and criteria more comparable. Hence, it is

adopted as the normalized objective function in this paper.
4. An evolutionary approach to optimization of gap shape

One of the most efficient approaches to redistribute the contact stress could be to directly modify the

contact interfaces [23–25,31–34]. That is to say that the gap g(x) can be treated as design variables. It is

generally recognized that separating a pair of corresponding contact nodes would make the contact stresses

between them decrease. When using gap elements to model the contact system, this can be simply imple-

mented by adjusting the gap spacing between the pair of contact nodes. Thus, the gap elements between

the corresponding nodes on both surfaces are used not only to model contact states but also to modify
the contact profile by changing the spacing to lengthen or shorten the gap between the corresponding

nodes. However, due to the highly nonlinear nature of the problem, it is difficult to find optimal gap spacing

over the whole contact surface in any one single analysis-design cycle. Hence, the optimization process

needs to be accomplished in an iterative manner.

In each iteration, the elastic contact finite element analysis is performed for each load case and subse-

quently the distributions of reference contact stresses at the interfaces are determined, as Eqs. (8) and

(13). If the normalized objective function (16) does not fall within a prescribed convergence tolerance,

the relative reference stress level of each contact node is computed by comparing with the maximum or
mean reference contact stress (i.e. ~ri=~rmax or ~ri=~ravg). Based on such relative stress levels, the contact profile

is modified by changing the coordinates of the corresponding contact node pairs. The modification can be

performed by increasing the gap spacing between the node pairs that have higher relative reference stress

levels. Clearly, the ESO method is different from the traditional evolutionary algorithms that were directly

inspired from Neo-Darwinian hypothesis. Instead, ESO reflects an evolutionary adaptation or modification

process of systems within a specific environment (e.g. multiple load cases herein) [16].

Mathematically, the present evolutionary modification amount is computed as a function of the relative

reference contact stress level of the nodal pair over the contact interface as,
D̂
i ¼ fn

~ri

~rmax

	 

ni; ð18Þ
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where D̂
i
is the current gap modification vector at the ith node pair, ni the normal vector at the node of the

design interface.

For simplicity, in this paper, a power low with a constant coefficient MR is adopted to control theMod-

ification Rate as
Di ¼ MR	 ~ri

~rmax

	 
r

ni ð19Þ
which is of a similar form to the typical ESO procedure [15,16] except a more general exponential scaling

scheme. In this paper, the second order power (r = 2) is set for the demonstrative examples.

However, it should be pointed out that Eq. (19) may lead to gap function g(x) keep increasing as the

iteration progresses. In other words, g(x) would converge to a stage that contains a certain amount of con-

stant translation from its initial status. To compute the relative modification of the gap at each iteration,

Eq. (19) is modified as
Di ¼ MR	 ~ri

~rmax �
~rmin

~rmax

	 
r

ni ð20Þ
in which the unnecessary increase in the gap is filtered.
To enhance the computational efficiency, the modification can also be carried out in a bi-directional fash-

ion, either increasing the gap spacing for a highly stressed contact pair or decreasing the gap spacing (when

feasible) for a lowly stressed contact pair. This can be formulated as
Di ¼ MR	 sgnð~ri � ~ravgÞ ~r
i � ~ravg

~ravg

����
����
r

ni; ð21Þ
where ~ravg denotes the mean reference stress level over the design contact region and can be computed as
~ravg ¼ 1

AC

Z
AC

~rðgðxÞÞdAC; ð22Þ
where AC denotes the area of contact region and ~r the reference contact stress. Based on the step modifi-

cation of gap spacing, the gap vector of the contact pair can be updated as,
gi
k ¼ gik�1 þ Di

k ð23Þ

or the coordinates of the corresponding design boundary as,
xi
k ¼ xi

k�1 þ Di
k; ð24Þ
where subscript k stands for iteration step of the evolutionary procedure and gi the current gap spacing vec-
tor for contact pair i.

It should be noted that the gap beam length would change with the coordinate modification of the nodes

at both its ends. As mentioned in the FEA contact modeling, the initial length of the gap element indicates

the critical contact state. To implement this concept into the whole optimization process, a virtual thermal

strain is introduced to the gap element whose nodes need modifying. Taking a pair of nodes (i1, i2) with
higher stress level as an example, the coordinate of node i1 is moved apart from i2 with a step length of

Di
k as shown in Fig. 2. In order to make the gap beam element contract in length equal to this coordinate

modification, a fictitious tensile stress is introduced by giving the nodes at both ends of the gap beam ele-

ment a temperature Ti (less than the reference temperature T i
ref ) to provide a total tensile deformation of gi

k.

This can be done by satisfying the equation,
aðT i � T i
refÞLini ¼ �gi

k; ð25Þ
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where Li is the initial length of the ith gap element and a the coefficient of thermal expansion of the gap

beam material.
According to the nature of the compressive-only gap element, it will act only when the compressive

stress becomes larger than this fictitious tensile stress. In the subsequent iteration, therefore, the tensile

pre-stressed beam element will be ignored by the FE solver during the first few iterations until the load

or deformation is big enough to cause the modified gap gi to close and the beam element goes into

compression.

To judge the convergence of design objective, a tolerance s needs to be prescribed. In this study, a rel-

ative change in the normalized objective function (16) is checked in two successive iterations (the (k � 1)th

and the kth) as
fkðgðxÞÞ � fk�1ðgðxÞÞ
fkðgðxÞÞ

����
���� 6 s: ð26Þ
A value of s = 0.01% is adopted in the demonstrative examples of this paper.

For clarification, the main steps of the evolutionary optimization process for the multiple load cases can

be systematically reorganized as follows:

Step 1: Set up a contact finite element model and impose multiple load cases. Determine the ESO design

criterion; Set up the ESO driven parameters: the modification rate MR and convergence tolerance

s;
Step 2: Carry out finite element contact analyses for individual load cases as given in Eq. (1);

Step 3: Calculate the nodal reference stress level according to either (8) or (13);

Step 4: Compute the objective function fk as (16);

If convergence criterion (26) is satisfied, terminate the iteration and output the results of optimiza-

tion. Otherwise go to Step 5;

Step 5: Modify the gap spacing (23) in terms of the relative levels of nodal reference contact stresses as (20)

or (21);

Step 6: Update the nodal coordinates according to (24) and remesh the grid of the design domain whenever
necessary. Set k = k + 1 and go back to Step 2.

A batch file is set up to automatically carry out the iteration cycles of the multiple finite element analyses,

computations of nodal reference stress, contact gap modifications and re-meshing in order to make the

objective function f gradually decrease and eventually meet the optimality criteria.



3404 W. Li et al. / Comput. Methods Appl. Mech. Engrg. 194 (2005) 3394–3415
5. Demonstrative examples

To demonstrate how the proposed ESO procedure optimizes the contact profiles for the structures sub-

ject to multiple load cases, three illustrative examples are presented herein: (1) elastic to rigid body contact

without friction; (2) elastic to elastic non-frictional contact and (3) elastic to elastic frictional contact.

5.1. 2D elastic-rigid contact subjected to two load cases

A rectangular elastic plate on a rigid foundation is subjected to two separate load cases, p1 = 1N and

p2 = 1N, as illustrated in Fig. 3. In the ESO processes, both the extreme stress and the weighted average

criteria are considered. A modification rate of MR = 0.2% is set for all design cases in this example.

When the extreme stress criterion is adopted, the higher nodal contact stress under p1 and p2 is used for

the modification of the initial gap. As a result of the optimization, the higher stress levels for both load cases
finally become uniform as shown in Figs. 4(b) and 5(b). By comparing to the initial designs as depicted in

Figs. 4(a) and 5(a), one can easily identify the significant reduction in the extreme stress levels (by around

55%). At the same time, the contact stress peak for any individual load case is remarkably ‘‘cut’’ off too.

It is worth pointing out that, in such a situation, the lower stress level under both the load cases is com-

pletely disregarded. Moreover, the stress distribution for any individual load case is noticeably non-uniform
Fig. 3. Finite element model of structure under multiple load case.
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for even the final design (observe Figs. 4(b) and 5(b)). Indeed, if one considers either of the load cases (for

example, load case 1 in Fig. 4), it is found that, in the final design, the contact stresses of some contact pairs

reach the highest level while others may even not be in contact (i.e. zero stress). However, when looking at

both the load cases, it can be seen that the higher stress level at any contact pair becomes identical. This

means that the design is optimal only in a sense of the extreme stress criterion. In other words, the average

stress level over the interfacial contact nodes may not be equal.

When the weighted average criterion is applied, the nodal average contact stresses under both load vec-

tors p1 and p2 are considered prior to the modification of the initial gap. For the illustrative purpose, in this
example, an even allocation of the weighing coefficients is given as,
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Fig. 6
w ¼ w1ðp1Þ ¼ w2ðp2Þ ¼ 0:5: ð27Þ

This may reflect that there is an identical emphasis on both load cases or/and both the load cases have equal

operation frequency.

Similarly to the extreme stress criterion, for the weighted average criterion, the peaks of the reference

stress and the individual stress are eliminated by comparing Figs. 6(b) with 6(a) and 7(b) with 7(a). The
final distribution of the average contact stresses becomes uniform as shown in Figs. 6(b) and 7(b).
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However, the contact stress distribution for any individual load case is also uneven, as shown in Figs.

6(b) and 7(b). This indicates that the design is an optimum for both the load cases, only in a sense of

the weighted average criterion. It is worth noting that the effect of the lower stress level of each contact pair

has been regarded in this criterion. From Figs. 6 and 7, it is interesting to notice that the stress distributions

appear symmetric in relation to the central line of the structure. This is due to the symmetry of the loading

location of load cases 1 and 2.

By comparing Figs. 4, 5 with Figs. 6, 7, it is found that, in this specific example, the highest nodal stress

under the extreme criterion is lower than that under the weighted average criterion (i.e. 0.08 vs 0.10). But
the average nodal stress under the extreme criterion is higher than that under the weighted average criterion

(0.075 vs 0.050). This clearly reveals that the different criteria do produce different optimal outcomes.

The convergence indices for the both design criteria are plotted in Fig. 8. It is interesting to note that the

convergence rate for the weighted average criterion is faster than that for the extreme stress criterion. This

may be accounted in that the initial distribution pattern for the weighted average criterion is somewhat sim-

pler (with a single convex peak) than that of the extreme stress case (with double convex peaks). In this

figure, it can be observed that three noticeable oscillations appear in both the convergence curves. This

is also a result of the three isolate ‘‘zero reference stress points’’ of the objective functions in each side
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of the contact interface, as shown in Figs. 4(a), 5(a) and 6(a), Fig. 7(a), which has be thoroughly investi-

gated by the authors [23].

The difference between the optimal contact shapes under both criteria can be seen in Fig. 9. It is observed

that, in this example, the optimal gap under the weighted average criterion is smaller (flatter) than that

under the extreme stress criterion. This provides more evidence that the gap modification for the weighted

average criterion appears somewhat easier to be achieved than that for the extreme stress criterion because

averaging in both the stresses makes the objective stress distribution simpler and smoother. In contrast,

since more compromise or trade-off is required for the extreme stress criterion method, the gap modification
becomes more difficult. Therefore, more modification is involved before reaching an optimum.

To compare the difference between the single load case and the multiple load cases, an analysis is also

carried out for a situation where both p1 and p2 are applied simultaneously, i.e. a single load case consisting

of two point loads. The optimal gap allocation of the single load case is obviously greater than that of the

multiple load cases, as shown in Fig. 9. One of the main reasons is that the total force in the single load case

is as twice as that in the multiple load cases. This shows another feature in the contact design that the higher

the external load, the greater the optimal gap.
5.2. 2D elastic–elastic contact subjected to two load cases

The contact between two elastic bodies is studied in the second example. As shown in Fig. 10, two dis-

tributed load cases p1 and p2 are separately applied on the top edge of the upper elastic body. For simplicity,

only the upper body is treated as the design domain. A modification rate of MR = 2% is set for all design

cases in this example.

From the previous example, it seems that the weighted average criterion offers more flexibility than the

extreme stress one. The choice of the weight coefficients enables designers to deal with various load condi-
tions differently. In design process, this would be convenient when one or several load cases need to be espe-

cially emphasized.

In order to observe the results of the extreme stress criterion in this example, Fig. 11(a) and (b) respec-

tively depict the initial and final contact stress distributions with the extreme stress criterion. It can be seen

that the ‘‘corner effect’’ of the objective stress in the initial design is completely removed in the final one

(Fig. 11(b)). Moreover, the highest contact stresses for both the load cases become uniform in this criterion.

However, it can be seen that, in the final design, the lower stresses near the central area are considerably

greater than those near the edges. This reflects that, in an overall sense, the usage efficiencies of central con-
tact pairs are higher than those of edge ones. In other words, the contact pair in the central area may expe-

rience a more intensive contact stress level. To deal with such a situation, the weighted average criterion is

also considered for this example below.



Fig. 10. Finite element modelling of elastic–elastic contact.
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The weighted average criterion provides a substantial measure to the overall stress level. It also offers the

convenience and the flexibility to cope with various load cases differently. In this example, five allocation

schemes of weights are taken into account as
Case A: w1ðp1Þ ¼ 1:00 and w2ðp2Þ ¼ 0:00; ð28Þ

Case B: w1ðp1Þ ¼ 0:75 and w2ðp2Þ ¼ 0:25; ð29Þ

Case C: w1ðp1Þ ¼ 0:50 and w2ðp2Þ ¼ 0:50; ð30Þ
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Case D: w1ðp1Þ ¼ 0:25 and w2ðp2Þ ¼ 0:75; ð31Þ

Case E: w1ðp1Þ ¼ 0:00 and w2ðp2Þ ¼ 1:00: ð32Þ

In effect, Cases A and E represent single load cases, Case C gives an even allocation of the weights and

Cases B and D are employed to treat these two load cases differently.

Fig. 12 shows the contact stress distributions for the different allocations of the weights. Taking Fig.

12(b) as an example (Case B: w1 = 0.75 and w2 = 0.25), a larger weight is given to the load case 1

(w1(p1) = 0.75). As a result of this, the contact stress distribution of load case 1 appears considerably flatter

than that of load case 2, as shown in Fig. 12(b). This means that the contact stresses under load case 1 are
controlled more. In other words, load case 1 has played a dominant role in the design process and thus the

distribution of the corresponding stress becomes more uniform. A similar result can also be observed in Fig.

12(a). Similarly to the previous example, an equal allocation of weights (w1(p1) = 0.50 and w2(p2) = 0.50)

may represent an identical emphasis on both load cases, and as a result, the corresponding optimal stress

distributions are symmetric, as shown in Fig. 12(c).

Fig. 13 depicts the effects of the two design criteria as well as the weights on the final design shapes. Sim-

ilarly to the preceding example, it can be seen that the gap with the extreme stress criterion is greater than

that with the 50%:50% weighted average criterion. As predicted, in the weighted average criterion, the
weight allocation of 25%:75% gives a symmetrical gap distribution to that of 75%:25%. It is observed that

the optimal gaps corresponding to a heavier weight are larger. Still taking Case B (w1 = 0.75 and w2 = 0.25)
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as an example, the contact gap in the right end is considerably smaller than that in the left end. This is

because a heavier emphasis has been placed on load case 1 (75%, on the left). In other words, load case

1 plays a more important role in the design process. As a result, a major gap modification has been carried

out over the left side of the contact region where load case 1 is applied.

From the above discussion, it is evident that the selection of the weights is a crucial step in design pro-

cess. However, it is usually difficult to know or fix in advance. Thus it seems appropriate to allocate the

right weights in a trial-and-error fashion during the design. As a consequence of this, a set of Pareto optima

can be produced using varying weights. Fig. 14 depicts the evolutionary processes for Cases A–E in detail.
As the design progresses, it is seen that both the objectives, f1 and f2 are getting improved. However, the

further improvement will be impossible after converged. These several converged points (as marked in

A, B, C, D and E) are interpolated into a sketch of the Pareto frontier in the design space as shown in

Fig. 14. It is known that in the Pareto frontier, there exists no feasible solution that can decrease one objec-

tive function without causing other objective functions to increase. In other words, once one Pareto opti-

mum (corresponding to a set of weights, e.g. w1 = 0.75 and w2 = 0.25) is achieved, any further improvement
Fig. 14. Optimization processes and the Pareto frontier for the multiple load cases.
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in one objective function requires a clear tradeoff with the other objective. This is one of the advantages of

the weighted average criterion, in which the designer has a better chance to understand the entire Pareto

solution space.

In addition, it is interested to note that the solution based on the extreme stress criterion does not rep-

resent a Pareto solution in this example as illustrated in Fig. 14, which appears consistent with the obser-
vations by Proos et al. [36]. This implies that in a Pareto sense, the extreme stress criterion (or the worst case

design) would not always yield a ‘‘best possible’’ solution to the prescribed objective in spite of its practical

significance in engineering design. That is to say that the designer could actually find a better solution than

this one from a less conservative point of view. In this example, for instance, the design with a 50%:50%

allocation of the weights does give a considerable better solution to both the objectives. As a consequence

of this example, producing a Pareto solution space would be always helpful for making a best possible deci-

sion whenever achievable.
Fig. 15. Frictional contact shape optimization of axisymmetrical cone-on-socket problem. (a) Initial design, (b) Case A, (c) Case B,

(d) Case C, (e) Case D and (f) Case E.
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5.3. Frictional axisymmetrical contact design with multiple load cases

Due to the ideal self-alignment feature, conical spinning joints are very common in a wide range of engi-

neering applications, e.g. thrust bearings, automotive valve-on-seat, friction clutches and conical brakes

[41]. One question with great practical importance is how to design the mating contact surfaces to reduce
wear of these elements as much as possible.

In those two preceding plane-stress examples, friction effect has not been considered and the design sur-

faces are simply parallel to the reference axis and perpendicular to the external loads. This current example

will demonstrate the capability of the ESO method in solving more practical problems, where both friction

and inclined design surface (with a conical angle h = 12.5�) are taken into account for axisymmetric prob-

lem under multiple load cases.

Shown in Fig. 15(a) is the FE model of the initial design, where two load cases p1 and p2 are axially ap-

plied in the central and flange regions. Different from the above examples, the lower elastic body (i.e. the
socket) is selected as the design domain in this example. In the ESO procedure, a modification rate of

MR = 0.5% is set for all design cases in this example. Considering that the wear is the major concern of

this kind of problems, only a weighted average criterion is adopted herein, which facilitates a wear rate

computation as in [41].

As before, an evenly distributed set of weights is adopted for approximately estimating Pareto�s space for
both frictional and non-frictional contact designs. Figs. 15(b)–(f) present the optimal gap designs for the

frictional conical joint in several sets of weight allocations. It is interesting to observe that a nearly straight

line appears in Case A (Fig. 15(b)) and Case E (Fig. 15(f)), which respectively corresponds to the two spe-
cial scenarios with single load case (wherein: w2 = 0.00 or w1 = 0.00). This seems to excellently correlate to

the traditional conical designs [41]. However, the other allocations of the weights produce various convex

curves with the initial contact points moving from the outer radius to inner radius as w1 decreases and w2
increases, Fig. 15(b)–(f).

To better compare Pareto curves of the frictional design with the non-frictional design, a non-normalized

objective, which is given as the deviation of the maximum and minimum contact stresses, is adopted for

plotting Fig. 16. It can be clearly seen that in Pareto sense, the non-frictional design is fairly worse than

the frictional design in this example. In the frictional design, the contact traction consists of normal and
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Fig. 17. Sketch of optimal design of frictional surface (w1 = w2 = 0.50).
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tangential components, which can considerably affect the design processes. The noteworthy difference indi-

cates that the negligence of friction may lead to a worse design in multiple load cases.

Fig. 17 shows a 3D sketch of curved upper surface in the socket with an equal allocation of the weights.

It should be pointed out that the gap modification has been performed along normal directions of design
surface as described in Eq. (20), which may keep changing as the design progresses. From manufacturing

point of view, in addition, such convex optimized surfaces (also refer to Fig. 13) seems more appropriate

than the concave surfaces as presented in the first example (Fig. 9) during machining and grinding. Having

given normal contact gap as design variables, the ESO method is particularly flexible in coping with differ-

ent design domains and manufacturing requirements.
6. Concluding remarks

This paper presents a new enhancement to the ESO method for elastic contact optimization, where the

multiple load case problems are taken into account. Unlike the single load case, the multiple load condi-

tions may be reflected in terms of the different design criteria. In this paper, two unified schemes are pre-

sented to incorporate the effects of the multiple load cases into the design process.

In the extreme stress criterion, the highest stress level is considered as the reference criterion, while in the

weighted average criterion, a weighted overall stress is regarded as reference level. These two different cri-

teria may provide the designers with different results. In the extreme stress criterion, all lower stress levels
are completely ignored in the design process. Sometimes, this may not appropriately reflect the real loading

situation at all contact pairs. Conversely, the lower stress levels are taken into account in the weighted aver-

age criterion. The adoption of weights offers a superior possibility to place greater emphasis to some load

conditions in terms of its importance or operational frequency.

Three design examples are presented to demonstrate the effectiveness and the capability of ESO in this

paper. These two design criteria are compared in detail from the first two illustrative examples. It is ob-

served that the extreme stress criterion (the worst case design) may not always locate in the Pareto frontier.

The effect of friction on the Pareto frontiers is also investigated in the third example. It is found that the
negligence of friction in the contact design with multiple load cases may result in a non-optimal Pareto

frontier.

Five sets of equal weight allocations have been used to provide a sketch to the shapes of Pareto curves in

the last two examples. Both sketches approximately indicate a predictable convexity in Pareto space, which

reflects a successful use of linear weight average method in these two contact design examples. In addition,

it is interesting to note that the scheme of evenly distributed sets of weights may result in an almost uniform

spread of Pareto point in some cases (e.g. the second example), but not in others (e.g. the third example).
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This implies that an even spread of Pareto points may require a more sophisticated scheme of allocating the

weights. As pointed out by Das and Dennis [40], nevertheless, such an equal-weighted draft can be an

important step before establishing a more appropriate weight allocation scheme. An in-depth discussion

of this problem is beyond the scope of this study and can be found from literature [38,42,43]. It is advisable

for a designer to begin with a sketch of a Pareto frontier in the design problems before a more detailed and
more systematic depiction is carried out.
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